Uncertainty relation for the radial momentum and radial coordinate in
  the Coulomb potential by Ishkhanyan, A. M. & Krainov, V. P.
Uncertainty Relation for the Radial Momentum 
and Radial Coordinate in the Coulomb Potential
A. M. Ishkhanyana,b and V. P. Krainovc,*
a Russian-Armenian University, Yerevan, 0051 Armenia
b Tomsk Polytechnic University, Tomsk, 634050 Russia
c Moscow Institute of Physics and Technology (State University), 
Dolgoprudnyi, Moscow oblast, 141700 Russia
Abstract—We have obtained the uncertainty relations for arbitrary states of the hydrogen atom. It is shown
that the minimal value of the uncertainty relation (ΔprΔr → /2) is attained for the circular Rydberg states.
The uncertainty relations ΔpxΔx ≥ /2 in 1D prob-
lems of quantum mechanics are well known [1]. This
work aims at the derivation of analogous relations in
the central potential and analysis of the most interest-
ing case of the Coulomb potential. We denote by R the
normalized real-valued radial wavefunction of the
bound state with quantum numbers n and l. In the
central potential, the Hermitian operator of the radial
momentum has the form [2]
The Schrödinger equation for the radial function
has the form (  = m = 1 everywhere)
(1)
Let us define the average value of the coordinate and
its f luctuations:
(2)
We will prove that the mean value of the Hermitian
operator of the radial momentum is zero. We will mark
by prime the differentiation with respect to the radial
coordinate. This gives
(3)
since the mean value of the radial momentum turned
out to be equal to itself with the opposite sign. There-
fore, the operator of the radial momentum fluctuation
is equal to the momentum operator itself, δ  = .
Following the Weyl method [1], we consider the
auxiliary integral
(4)
It can be written in the real form:
(5)
We evaluate three individual terms of this integral:
(6)
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Further, we evaluate
(7)
In our calculations, we assumed that
(8)
Finally, the third integral has the form (with allowance
for expression (3))
(9)
Since
(10)
we find from expression (9) that I3(α) = α.
Therefore, integral (5) is given by
(11)
This expression can be written in the form
(12)
which gives the uncertainty relation
(13)
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p rLet us define the wavefunction for which expres-
sion (13) becomes an equality. Using inequality (12),
we obtain
(14)
In accordance with relations (4) and (14), we obtain
the following equation:
(15)
Its solution has the form
(16)
It has a singularity at the origin. This singularity can be
ignored in principle if 〈r2〉 ≫ 〈δr2〉 so that the exponen-
tial smallness compensates the power-law increase.
Let us now consider the state of the hydrogen atom.
For an arbitrary state nl of the hydrogen atom, the
variance of the coordinate is given by
(17)
The radial matrix elements of the coordinate and its
square can be calculated by the method of the general-
ized Kramers virial theorem [3].
Let us now consider the variance of the radial
momentum. From relation (1), we obtain
Here, the matrix elements of the inverse powers of the
coordinate can be calculated elementary [4]. For the
product of indeterminacies, we obtain
(18)
This expression is minimal for the maximal value of
orbital quantum number l = n – 1 (circular orbits):
(19)
For n → ∞, it indeed tends to the limit of 1/4. As
noted above, this statement follows from the
inequality
(20)
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Thus, the minimal value /4 in the uncertainty rela-
tion for the classical states is attained for 〈r2〉 ≫ 〈δr2〉.
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